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Abstract. We compute the multiplicative structure in the Hocshchild coho- 
mology ring of a differential operators ring and the cap product of Hochschild 
cohomology on the Hochschild homology. 



Introduction 

Let fc be a field and A an associative /c-algebra with 1. An extension E/A oi A 
is a differential operator ring on A if ttiere exists a Lie A;-algebra g and a fc- vector 
space embedding x i~¥x, oi g into E, such, that for all x,y G q, a G A: 

(1) xa — ax = a'^ , where a is a derivation, 

(2) xy — yx = [x, y]g + f{x, y), where [— , — ]g is the bracket of g and / : gxg — i> A 
is a fc-bilinear map, 

(3) for a given basis (xi)ig/ of g, the algebra E \s a, free left A-module with the 
standard monomials in the basis. 

This general construction was introduced in [Chj and |Mc-R] . Several particular 
cases of this type of extensions have been considered previously in the literature. 
For instance: 

- when g is one dimensional and / is trivial, E is the Ore extension ^[x, 5], 
where 5{a) = a^ , 

- when A — k, one obtain the algebras studied by Sridharan in [S], which 
are the quasi-commutative algebras E, whose associated graded algebra is 
a symmetric algebra, 

- in |Mc[ §2] this type of extensions was studied under the hypothesis that A 
is commutative and (a;, a) M> a^ is an action, and in |B-G-Ri Theorem 4.2] 
the case in which the cocycle is trivial was considered. 

In |E-U-M| and |D-T) the study of the crossed products A^fH of a fc-algebra 
A by a Hopf fc-algebra H was begun, and in [KT was proved that the differential 
operator rings on A are the crossed products of A by enveloping algebras of Lie 
algebras. 

In |G-G1| complexes, simpler than the canonical ones, giving the Hochschild 
homology and cohomology of a differential operator ring E with coefficients in an 
i?-bimodule M, were obtained. In this paper we continue this investigation by 
studying the Hocshchild cohomology ring of E and the cap product 

Kp{E, M) X m{''{E) ^ Hp_g(£;, M) {q<p), 
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in terms of the above mentioned complexes. Moreover we generalize the results 
of |G-G1] by considering the (co)homology of E relative to a subalgebra K of A 
which is stable under the action of g (which we also call the Hochschild (co)homology 
of the /C-algebra E), and we seized the opportunity to fix some minor mistakes and 
to simplify some proofs in |G-G1| . 

The paper is organized in the following way: In Section 1 we obtain a projective 
resolution {X^, d^:) of the i^-bimodule E, relative to the family of all epimorphism 
of i?-bimodules which split as {E, _fr)-bimodule maps. In Section 2 we determine 
and study comparison maps between (X^, , ) and the relative to K normalized 

Hochschild resolution {E ®k E ^ ®k E,b'^) of E. In Sections 3 and 4 we apply 
the above results in order to obtain complexes {X^ {M),d^,) and (X^(M),d*), 
simpler that the canonical ones, giving Hochschid homology and cohomology of the 
i4'-algebra E with coefficients in an i?-bimodule M , respectively. The main results 
are Theorems 13.41 and 14.41 in which we obtain morphisms 

Xk {E) ® X*^ {E) ^ Xk (E) and Xf (M) ® (E) -> Xf (M) , 

inducing the cup and cap product, respectively. Finally in Section 5, assuming that 
A is a symmetric algebra, we obtain further simplifications. 

1. Preliminaries 

Let fc be a field. In this paper all the algebras are over k. Let A be an algebra and 
H a Hopf algebra. We are going use the Sweedler notation A{h) — ^^^^ ®fe ^^^^ 
for the comultiplication A of ff. A weak action of iJ on is a /c-bilinear map 
{h, a) 1-^ a^, from H x A to A, such that 

(1) («fe)" = E(.)a'''''^'''^ 

(2) I'^^eih)!, 

(3) fl-*- = a, 

for h (z H , a,b (z A. By an action of H on A we mean a weak action such that 
(a')'' = a" for aU h,leH,aeA. 

Let A be an algebra and let if be a Hopf algebra acting weakly on A. Given 
a fc-linear map f : H ®k H ^ A we let A^fH denote the algebra (in general non 
associative and without 1) whose underlying vector space is A (^ik H and whose 
multiplication is given by 

(a(g.fc/i)(6®fe0 = J2 ab'''''f{h'-^\l'^'^)®kh^^n^^\ 

mi) 

for all a,b A, h,l ^ H. The element a®kh ot A^fH will usually be written 
a=f/=h. The algebra A^fH is called a crossed product if it is associative with 1#1 
as identity element. In |B-G-M) it was proven that this happens if and only if the 
map / and the weak action of 7? on A satisfy the following conditions 

(1) (Normality of /) for all h e H we have f{h, 1) = /(I, h) = e{h)lA, 

(2) (Cocycle condition) for all ft., to £ if we have 

{h){l)(m) ih){l) 

(3) (Twisted module condition) for all h,l £ H and a E A wc have 

(h){i) mi) 
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From now on we assume that H is the enveloping algebra U (g) of a Lie algebra q. 
In this case, item (1) of the definition of weak action implies that 

{ahf = a^h + 

for each x & q and a,b £ A. So, a weak action determines a fc-linear map 

5:q^ Derfc(A) 

by 5{x){a) = . Moreover if {h,a) i~> is an action, then (5 is a homomorphism 
of Lie algebras. Conversely, given a fc-linear map 5: g — Derfc(A), there exists a 
(generality non-unique) weak action of C/(g) on A such that 5{x){a) = . When 
(5 is a homomorphism of Lie algebras, there is a unique action of U (g) on A such 
that 5{x){a) = . For a proof of these facts see jB-C-Mj . It is easy to see that 
each normal cocycle 

/: f/(g) ®k U{q)^A 
is convolution invertible. For a proof see |G-G1[ Remark 1.1]. 

Next we recall some results and notations from [C-Gl' that we will need later. 
Let if be a subalgebra of A which is stable under the weak action of g (that is 
e iiT for all A e if and a; e g) and let E = A^fU{Q) be a crossed product. 
We are going to modify the sign of some boundary maps in order to obtain simple 
expressions for the comparison maps. 
To begin, we fix some notations: 

(1) The unadorned tensor product ® means the tensor product ®k over 

(2) ¥ov B = Aoi B = E and each r e N, wc write B = B/K, 

B'' = B ® ■ ■ - (^ B {r times) and W = ^ ® ■ ■ ■ ®~B {r times). 

Moreover, for & G i? we also let h denote the class of h in B. 

(3) For each Lie algebra g and s e N, we write g'^'' = g A • • • A g (s times). 

(4) Throughout this paper we will write ai^ for ai ® ■ ■ ■ ® (z A^ and Xis for 
Xi A ■ ■ ■ Axs & g^^ 

(5) For air and < i < j < r, we write a^ = C>5 • • • ® aj. 

(6) For and 1 < i < s, we write xi^g — xi A ■ ■ ■ A Xi A ■ ■ ■ A Xs- 

(7) For xis and 1 < i < j < s, we write Xi^s =xiA---AxiA---AxjA---AXs- 

Let be the graded algebra generated by A and the elements y^, Zx (a; G g) in 
degree zero, the elements (a; G g) in degree one, and the relations 

y\x+x' ^ >^yx +yx', yxa = a''+ayx, Sx'yx ^ VxBx' + e[x< ^x]^, 

Z\x+x' = ^Zx + Zx' , ZxCL = + aZx, Gx' Zx — ZxCx' , 

exx+x' = ^Sx + Gx', SxCi = acx, el = 0, 

yx'Vx = yxVx' + y[x',x]^ + f{x', x) - f{x, x'), 

Zx'Vx = yxZx' + Z[x'^x]„ + f{x', x) - f{x, x'), 
Zx' Zx — ZxZx' + ^" I i.^ •> a^) /(*^; *^ ); 

where [x' , x\q denotes the Lie bracket of x' and x in g. Note that £^ is a subalgebra 
of Y* via the embedding that takes a G A to a and l^a; to yx for all a; G g. This 
gives rise to an structure of left i?- module on . Similarly we consider as a 
right ii'- module via the embedding of E in y, that takes a G A to a and l#a; to Zx 
for all X G g. 

Let {gi)i£i be a basis of g with indexes running on an ordered set /. For each 
I G / let us write yi = yg., z^ = Zg^, a = Cg, and pi = z, - y^. 
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Theorem 1.1. Each is a free left E-module with basis 

m.Si m,h > 0, ii < •■• < G /, ruj > 0, e {0, 1} 

'1 ' ■ ■ V mj + > 0, ^1 + • • • + ^; = s 

Proof. Let g be the direct sum of two copies {ux : x & q} and {zx : a; G g} of fl, 
endowed with the bracket given by 

[yx'TUx]'^ = y[x',x]g a-nd [zx',Zx]q ~ [zx',yx]Q = zj^x',x]g- 

Note that q is the semi-direct sum arising from the adjoint action of q on itself. Let 
tt: U(q) U{g) be the algebra map defined by '^{yx) = irizx) = x. Let A(g) be 
the exterior algebra generated by g. That is, the algebra generated by the elements 
Cx^i with a; G g, and the relations exx+x' = ^s-x + ex' and = 0, with A G A; and 
x,x' G 0. Let us consider the action of U(q) on K{q) determined by e^f = e.[x,x'\^ 
and e^T = 0. The enveloping algebra U(q) of g acts weakly on A 0/j A(g) via 

(a ®fe e)" = ^ a'^("''') 0^ e"*" (a G A, e G A(0) and u G [/(fl)). 

(«) 

Moreover, the map 

/ : U{q) X U(q) ^ A ®fe A(g) , 

defined by f{u,v) = f{Tr{u),TT{v)) 0^ 1, is a normal 2-cocycle which satisfies the 
twisted module condition. Let 

V- Y: ^ {A 0fc A(fl))#j[/(0) 

be the homomorphism of algebras defined by 77(a) ~ (a (8)^ for all a G A and 

Viyx) = (1 ®fc l)#yx, vi^x) = (1 ^fc and T]{ex) = (1 <8)fe ex)#l for all a; G fl. 

Because of the Poincare-BirkhofF-Witt theorem, 

h,l>0, ji<---<jh, 
^ii < ■ ■ ■ < ii G I and mj,nj > 0^ 

is a basis of {A ®fe A(g))#jf/(5) as a left A (8)^ A(0)-module. The theorem follows 

easily from this fact. □ 

Remark 1.2. A similar argument shows that each Yg is a free right i?- module with 
the same basis. 

Theorem 1.3. Let Ji: Yq ^ E be the algebra map defined by Jl{a) = a for a £ A 
and Jl{yx) — Jj-{zx) — l#a; for x G g. There is a unique derivation 9, : 1"* — > 
such that d{ex) = Zx — yx for x G q. Moreover, the chain complex of E-bimodules 

E^Yo^Y,^Y,^Ys^Y,^Y,^..- 



is contractible as a complex of {E,A)-bimodules. A chain contracting homotopy 
cJo^:E > Yo , c77+\ : Y, > F^+i (s > 0) , 

is given by 

a-\l) = 1, 

where we assume that ii < ■ ■ ■ < ii, Si + ■ ■ ■ + Si = s and mi + 61 > 0. 
Proof. A direct computation shows that 
- Jloa-\l)=Jl{l) = l, 
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a-iop^(l) = (T-i(l) = 1 and doff-^l) = d{0) = 0, 

If X = where mi > and x' = p™^ ■ • ■ p™' with ii < ■■■ <ii, then 

o--^o/I(x) = f7-i(0) = and d'>a-\yi) = d{p'l'^'-'^ei,x') = x, 



Let X = p^^ef^^x', where mi + di > and x' = Pr<' •••^^4' ^^^^ 



,™2 „<52 



ii < ■ ■ ■ < ii and + 
o--ioa(x) 

and if 5i = 1, then 

o--ioa(x) 



+ 5i = s > 0. If Si = 0, then 

a-i(p™^a(x'))=pr"'en5(x'), 
a(p--^e,,x')=x-p--ie,,a(x'), 

a-i(p-^+V-p™^e,,9(x'))=x, 
9(0) = 0. 



The result follows immediately from all these facts. 



□ 



For each s > we consider E^kQ^^ as a right i^-module via (c0fcx)A = cA0fcX. 

For r, s > 0, let Xrs — (E ®fe fl^^) ig) A ^E. The groups X,.., arc ii'-bimodulcs in an 
obvious way. Let us consider the diagram of -E-bimodules and i?-bimodule maps 



Y2 — X02 



d2 



^12 ■ 



^11 



di 



Yo 



■X, 



00 ■ 



-10 ■ 



where /U* : Xq* V* and rf^* • ^** ~^ -'^h.-i,*, are defined by: 
Ofc xis 1) = e^i . . . , 
dP{l (8)fe xis (g) air (S) 1) = <8>fe xig (g) a2r (8 1 

r-l 

+ ^(-l)""*"* ®fe xis (g) ai,i_i (8> a^ai+i (g a^+i^^ (g 1 

i=l 

+ (-1)'"+'* (g)/; Xis (g) ai,r-l (g Or, 

Each horizontal complex in this diagram is contractible as a complex of {E, K)- 
bimodules. A chain contracting homotopy is the family 



<:n -^r 



Os 



r+l,s '■ -^rs 



■^r+l,s (r > 0), 



of {E, i^)-bimodule maps, defined by 

o-°{exi ■ ■ ■ 6x3^x3+1 • • ■ z^J = ^ aj (gfc xu (g l#Wj, 

3 

where ai#Wj = (l#x's+i) • • ■ and 

cr°(l (g)fe xis ® air O ar+i#w) = 0^. xi^ (g ai,r+i l#w (r > 0). 

(In order to see that the tr'^'s are right ii'-linear it is necessary to use that K is stable 
under the action of q). Moreover, each X^s is a projective i^-bimodule relative to 
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the family of all epimorphism of iJ-bimodules which split as {E, ii')-bimodule maps. 
We define i^-bimodule maps 

dig : Xrs ^ Xr+i-i.s-i {r >0 and I <l < s), 

recursively by: 

a^°d°^{y) if ; = 1 and r = 0, 

<7^od^od°{y) if; = landr>0, 

EJ=1 CT°=d'-J=dJ (y) if / > 1 and r = 0, 
E5=o ^^'d^^^'d^ (y) in > 1 and r > 0, 

where y — 1 ®k Xis ® ai^ ® 1. 
Theorem 1.4. The complex 

(1) E^X,^X,^X,^X,^X,^X,^---^ 

where 

s 

7l(l(g)l) = l, Xn= Xrs and d„ = ^ ^d^^, 

r+S—n r+s = n /— 

r+l>0 

is a projective resolution of the E-bimodule E, relative to the family of all epimor- 
phism of E-himodules which split as (E, K)-bimodule maps. Moreover an explicit 
contracting homotopy 

Wq: E ^ Xq , an+i- Xn ^ Xn+i > 0), 

of ID), as a complex of {E, K)-bimodules, is given by 

n+l n n—r 

ao ^ (t"°(Tq^ and = - ^ (^Ln-l + l''<^n+l°l^n + X! X! ^r+/+l,n-/-r: 

1=0 r=0 1=0 

where 

^l,s-l ■ Xis^l and Cr[+;+i,5_; : Xrs Xr+l + l^s-l {0 < I < s,r >0) 

are recursively defined by 

a' 

Proof By |G-G21 Corollary A.2 

The boundary maps of the projective resolution of E that we just found are 
defined recursively. Next we give closed formulas for them. 




i-i 

3=0 



□ 
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Theorem 1.5. For Xi,Xj € g, we put fij — f{xi,Xj) — f{xj,Xi). We have: 

s 

d^{l Xis (g) air 1)= (g)fc XiYs (g) air (g) 1 

1=1 

s 

+ ^{-^y <^k xi?s g) air ® l#a;i 

i=l 
s 

+ ^ (-1)' (g)fe Xij-s (8)ai,,,_i (g) a^' (g)a,i+i,r (g 1 

i = l 
l<h<i- 

+ ^ (-1)'+^ g)fe [a;i,x-,]g Axiyj-s ® air g) 1, 

l<i<j<s 

(i^(lg)fcXi, (gairg)l)= ^ (-l)''+J + ''+"(gfcXi^^g)ai;i(g Jjg)a,i+l,rg)l 

l<i<j<s 
0<h<r 

and d' — for all I > 3. 

Proof. The proof of [G-G1[ Theorem 3.3] works in our more general context. □ 

2. The comparison maps 

In this section we introduce and study comparison maps between (X* , ) and 
the canonical normalized Hochschild resolution {E (E) E g) i?, b'^) of the X-algebra 
E. It is well known that there are morphisms of i?-bimodule complexes 

e^:{X^,d^) — ^{E®E*®EX) and {E ®E* ® EX) — 

such that ^0 = ^0 = id_Eig)_E and that these morphisms are inverse one of each other 
up to homotopy. They can be recursively defined by 9q = 'd^ = 'viE(^E and 

9{l (gfe xis g) air g) 1) = (-l)"6'=d(l g)fc xi3 g) air g) 1) g) 1 

and 

'!?(1 g) Ci„ g) 1) = CT°l9°6'(l g) Ci„ g) 1), 

for n > 1, where r -\- s = n and Ci„ = ci g) • • • g) G The following result was 
established without proof in |G-Glj . 

Proposition 2.1. We have: 

0{Y g)fc Xis g) air g) l) = ^ Sg(T) g) (l#X^(i) ® ■ • • g) l#a;r(s)) * air ® 1, 

where @s is the symmetric group in s elements and * denotes the shuffle product, 
which is defined by 

(/3ig)---g>/3.)*(/3s+i«'---«'/3„) = Yl sg(a)^^(i) g)---g)^^(„). 

(T^{[s.n — s) — shuffles^ 

Proof. We proceed by induction on n = r + s. The case n = is obvious. Suppose 
that r + s = n and the result is valid for dn-i- By the recursive definition of 0, 
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Theorem II. 5 [ and the inductive hypothesis, 

0{1 ®fc Xis (g) SLir (g) 1) = (-l)"6'od(l (g)k Xis «) air (g) 1) (g) 1 

= (-l)"6'=(c?° + + (f){l (S)k xis (g) air (g) 1) (g) 1 

— 9{1 g)fe Xis g) ai_r-l g) flr) g) 1 

+ ^^(-1)'+" g)fe xiT, g) air <g l#x^ g) 1. 

The desired result follows now using again the inductive hypothesis. □ 

Lemma 2.2. Let {gi)iei be the basis of g considered in Theorem ] 1. 11 As in that 
theorem, let us write Ci = Cg. for each i E I . The following facts hold: 

(1) CT„+i°CT„ = for all n > 0, 

(2) cr'((£;g)fe0'^") g)Tg)i4:#L/(0)) ^0 for alio <l< s, 

(3) cr'-{e,^ ■ ■ -CiJ = for alio < I < n, 

(4) a'{{E g)fc 0^^) g) T g) A) = /or an < ? < s, 

(5) CT-i°/^(^g)fe0^"g)A) =0, 

(6) Assume that zi < • • • < z„. Then, 

— 1 /'i ^ A A ^ 1 // ^ J \^^) ^il ' ' ' ^in+l V *n ^ in+1) 

a ''^l[l®k9^^^■■■^9^^®l#9^^ + ^) ^ \^ 

I (J otherwise. 

Proof. (1) An inductive argument shows that there exist maps (which are left E- 
linear and right iiT-linear) 

such that crl^i^i = o'r+i+i s-;°7rs°^rs- Bccause of a^oa^ = 0, this implies that 
cr''°cr' = 0, for ah 1,1' > 0. Thus, 

where the last equality holds because ^°(t° = id and a^^^a^^ = 0. 

(2) Since cr' — (t"°7'°(T° for Z > 0, we can assume that I — 0. In this case the 
assertion follows immediately from the definition of a" . 

(3) By the definition of (t° and Theorem II .51 

(T°<>d^°cr°(eii • • ■ ei„) = cr"<.d^(l g)fc A • • ■ A gi„ ® 1) = 

and 

a°<-d^''a°{e,^ ■ ■ ■ e^J = o-°°d^(l g)fc A • • ■ A g) 1) = 0. 

Item (3) follows now easily by induction on I, since, by the recursive definition of 
a'- and Theorem II .51 

= -a°od^oa° and cr' = -a^^d^-a^'^ - o-Ood^oa'-^ for Z > 2. 

(4) It is similar to the proof of item (3). 

(5) Since e^a = aci for all i £ / and a G A, 

<7^^°^{a ®k .9ji A • • • A gi^ g) a') = cr^"'^ (ae^j • • • Ci^a') = [aa'ci^ " ' " ei„) =0, 
where the last equality follows from the definition of ct^^. 
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(6) We have 

cr~^=^(l ®fe Sii A • • • A (g) J = {ei^ ■ ■ ■ e^^z^^^^ J 

= cr~^ (cii • ■ • e,,. (?/i„^i + Pi„+i )) 

where yi„+i and p^^^^ are as in Theorem ll.il So, in order to finish the proof 



it suffices to note that a ^ (vin+i^ii ' ' ' 6j„) =0 and 



which follows immediately from the fact that 




otherwise, 



= Pi^+iSi, + e[x,..x,^^^^]^ for all j such that > i^+i, 

and from the definition of . □ 

Theorem 2.3. Let {gi)i^i he the basis of q considered in Theorem lj.il Assume 
that Cin = ci® ■ ■ ■ ®Cn & E is a simple tensor with Cj G yl U {l#.9i : i G /} /or aZZ 
j e {1, . . . , n}. // t/iere exist < s < n and ii < ■ ■ ■ < ig in I , such that Cj = l^gt^ 
for 1 < j < s and Cj € A for s < j < n, then 

d{l ® ci„ (g) 1) = 1 (8)fc A • • • A ® Cs+i^n ® 1- 

Otherwise, z9(l ® Ci„ (g) 1) = 0. 

Proof. For all 7i > we define P„ by Ci„ G P„ if there is ii < • • • < is in / such 
that Cj — l#5i for j < s and Cj S ^ for j > s. We now proceed by induction on n. 
The case n = is immediate. Assume that the result is valid for 7?„. By item (1) 
of Lemma 12.21 and the recursive definition of "dn , we have 

CTo?9(Co„ 1)= CT°CT°1?°&'(Co„ 1) = 0, 

and so 

i?(l ® ci,„+i ® 1) = (-1)"+1ct=z?(1 ® ci,„+i). 
Assume that Cj G A U {Iffgi : i G /} for all j G {1, . . . , n + 1}. In order to finish 
the proof it suffices to show that 

- If ci,„+i ^ Pn+i, then CT°'i?(l (g) ci,„+i) = 0, 

- If ci,„+i = l#.g.ij ■ • • I4gt^ ® as+i,„+i G P„+i, then 

aod{l ® ci,„+i) = (-1)"+^ igfe 5ii A • • • A g,^ (8) as+i,„+i (g) 1. 

If Ci„ ^ P„, then i?(l eg) Ci,„+i) = by the inductive hypothesis. It remains to 
consider the case Ci„ G P„. We divide this into three subcases. 

1) If Ci„ = l#.gii g) • ■ • g) l#5i^ g) as+i,„ and c„+i = a„+i G A, then 

CT°z?(l g) ci,„+i) = ct(1 «)fe a ■ ■ • A .g.j, g) as+i,„+i) 

= cr°(l g)fc A • • • A g^^ g) as+i,„+i) 

= (_l)"+i g)fe g,^ A • • • A g) a^+i^n+i (g 1, 

by the inductive hypothesis, items (4) and (5) of Lemma and the definitions of 
a and ct°. 

2) If ci„ = l#.gii g) ■ ■ • g) l#gi, g) as+i^„ with s < n and c„+i = l#.gj,,^j, then 

CT<>79(1 g) ci,„+i) = ct(1 g)fe A ■ • • A .gj, g) a^+i^^ g) l#.gj„+i) = 0, 
by the inductive hypothesis, the definition of a and item (2) of Lemma [ 
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3) If ci„ = (g) • • • (g) l#gi„ and c„+i = then 

(g) ci,„+i) = ct(1 (gfe a ■ • • a 5i„ g) l^g;^^ J 

= -CT°°CT"i<./x(l g)fc 5n A • • • A g) l#gj„+i) 

_ f(-l)"+^ g)fe g^i A • • ■ hgi^+, g) 1 if ci,„+i e P„+i, 
1 otherwise, 

by the inductive hypothesis, items (2), (3) and (6) of Leinnia l2.21 and the definitions 
of 'a and (T° . □ 

3. The Hochschild cohomology 

Let E — A^fU{g) and M an iJ-bimodule. In this section we obtain a cochain 
complex {Xj^{M), d ), simpler than the canonical one, giving the Hochschild coho- 
mology of the if-algebra E with coefficients in M. When K — k our result reduce 
to the one obtained in [G-Gl', Section 5] . Then, we obtain an expression that gives 
the cup product of the Hochschild cohomology of E in terms of {X*i^(E),d ). As 
usual, given c £ E and m e M , we let [m, c] denote the commutator mc — cm. 

3.1. The complex (X^(M),d*). For r, s > 0, let 

T^iM) = RomK^A" (gfe 0''^ M), 

where g)^ g^" is considered as a X-bimodule via the canonical actions on . 
We define the morphism 

Ji" : T'i^''''"~\m) Xk{M) (with < ; < min(2, s) and r + i > 0), 

by: 

do{(p){air gife xis) = aiif{a2r g)fe Xi^) 

+ ^(-l)V(ai,i-i ® aiflj+i g) ai+2,r gifc Xi^) 
+ (-l)''<y9(ai,r-i g>fc xis)ar, 

S 

(ii((/?)(air g)fc xis) = ^(-1)*+'' [v3(air g)fc xiis), 

i=l 
s 

+ ^ (-l)*+''(y5(ai,/,._i g) of; g) ah+l^r g)fc Xijs) 
i=l 

l<fe<r 

l<i<j<s 

and 

d2(v')(air gifc xis) = ^ (-l)''+-'+'V(aih g) /y g) aft+i,r (gife xijj^), 

l<i<3<s 
0<Ai<r 

where fij = f{xi,Xj) — f{xj,Xi). Recall that Xrs — {E g)fc g^**) ® A^ (g) E. Apply- 
ing the functor HomE=(— ,M) to the complex of Theorem 11.41 and using 
Theorem 1 1 . 5 1 and the identifications 7'"" : X j^{M) — > Hom^e (X^s, M), given by 

7((^)(1 g)fc xis g) air g> 1) = (-l)'''V(air gifc xis). 
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we obtain the complex 

-;i 1^ -73 -t4 -t5 

X^iM) Xk{M) Xk{M) X^iM) X^iM) ■ • • > 

where 

min(s,2) 

Xl{M) ^ ir^{M) and T ^ E 

r + S — n r + s = n /— 

r+l>0 

Note that if /(g ®k fl) K, then (X^(M),(i ) is the total complex of the double 
complex (X^(Af),(io*,c?i*)- 

Theorem 3.1. The Hochschild cohomology H^(i?, A/), 0/ t/ie K-algehra E with 
coefficients in M, is the cohomology of {X j^(M), d ). 

Proof. It is an immediate consequence of the above discussion. □ 

3.2. The comparison maps. The maps 6** and i?*, introduced in Section 2, induce 
quasi- isomorphisms 

r : (Homx. (E* , A/) , b*) ^ (X*j, {M) , d* ) 

and 

T ■.(XKiM),d*) (Hom^f e (E* , M) , b* ) 

which are inverse one of each other up to homotopy. 
Proposition 3.2. We have 

Proof. This follows immediately from Proposition [2Tj □ 
In the sequel we consider that X C X in the canonical way. 

Theorem 3.3. Let {gi)iei be the basis of q considered in Theorem and let 

tp 6 X . Assume that Ci^^+s — ci ® ■ ■ ■ ® Cr+s & E is a simple tensor with 
Cj € AU : i G /} for all j € {1, . . . , r + s}. // cj — with ii < ■ ■ ■ < ig 

in I for 1 < j < s and Cj G A for s < j < r + s, then 

1?(¥')(ci,r+s) = (-l)''V(Cs + l,r+s (8)fe 5ii A ■ • • A gij. 

Otherwise, ■d{(p){ci^r+s) = 0. 

Proof. This follows immediately from Theorem 12.31 □ 
As usual, in the following subsection we will write HH^ (E) instead of {E, E) . 

3.3. The cup product. Recall that the cup product of IIII^(i?) is given in terms 
of {RomK^{E\E),b*), by 

(V" ^ ljy){ci,m+n) = ■i/'(cim)V''(Cm+l,m+n), 

where S Homi^^e (S™, E) and ip' € Homi^-e (i?", E). In this subsection we compute 
the cup product in terms of the small complex {Xj^ [E) ,d). Given ip G (E) 

and ip' e Xi^ (E) we define (p • ip' G Xj^ ' [E) by 

(1^ •(/)') (air" ®fcXis") = ^ sg{ju)p{&ir ®ky^n,W{aur+i,r" ®k^l^^,), 

i<n<-<js<s" 

where 
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- Sg(jls) = (-1) 

- r" ^ r + r' and s" = s + s' , 

- 1 < h < ■ ■ ■ < Is' < s" denote the set defined by 

{ji,...,iJu0i,...,/,4 = {!,..., s"}, 

- Xjj^^ = Xji A • • ■ A Xj_, and x/^^, = a;;^ A • • • A xi^, . 

Theorem 3.4. T/ie cup product o/HH^(i?) is induced by the operation • m the 
complex {Xj^{E),d ). 

Proof. Let e X^j^{E) and i^' e -'^/f'* (-^)- Let r" and s" be natural numbers 
satisfying r" + s" = r + r' + s + s' and let ai^" (gfe Xi^" G X^,^„. Let {gi)iei be 
the basis of g considered in Theorem 11.11 Clearly we can assume that there exist 
ii < • • • < is" in / such that xj = gi- for all 1 < j < s" . By Proposition [XH 

where 

T= (-ir"'"sg(T)((l#x,(i))®---® (l#x,(,"))) *ai,". 

In order to finish the proof it suffices to note that by Theorem 13.31 this is zero if 
r" 7^ r + r' and this is {ip • (^')(air" ®k Xis") if r" = r + r' . □ 

4. The Hochschild homology 

Let E — A^fU{g) and M an iJ-bimodule. In this section we obtain a chain 

complex (xf^(M),(i*), simpler than the canonical one, giving the Hochschild ho- 
mology of the iC-algebra E with coefficients in M. When K = k our result reduce 
to the one obtained in |G-G1[ Section 4] . Then, we obtain an expression that gives 

the cap product of Hf (£;,M) in terms of (X^ (£;),/) and (X^ {E,M),d^). As in 
the previous section [m, c] denotes the commutator mc — cm oi m E M and c £ E. 

4.1. The complex (xf{M),d^). For r, s > 0, let 

[M'g)A ,K] 

where [M® A^, K] is the fc-vector space generated by the commutators [m® ai^. A], 
with A G X and m (E) SLir £ M (g) A . We define the morphism 

dls ■■ xf,{M) Xr+i-i,s^i{M) (with < / < min(2, s) and r + ? > 0), 

by: 

-;0 



d [m® air ®k xis) = mai g) a2r gife Xi. 



r-l 



^(-l)*m ai,j_i g) a^a^+i (g) ai+2,r "Xifc Xi. 



+ (-l)''arm ® ai_r-i ®fc Xi., 
'd {rnWa^<S)k ^is) = ^(-l)''+''[(l#a;i), m] (g) ai^ g)fe Xi^ 



(-l)'+'~m g) ai,/,_i g) a^' (g a/^+i^^ 0^ Xi^. 



z=l 
l<h<r 
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l<i<j<s 

and 

d^(m®air ®feXis) = ^ (-1)'+^+''to(8) aih (g) (g) a^+i^r (g)fc 

l<i<3<s 
0<h<r 

where fij — f{xi,Xj) — f(xj,Xi) and m®a.ir denotes the class oi m ® ai^ in 
M ® X/[M (g) X, /C], etcetera. Recall that Xrs = {E ®k 0^^) ®~A' ® E and let 
i?'^ be enveloping algebra of E. By tensoring on the left Xrs over E"^ with M, and 
using Theorem II .51 and the identifications 7rs : ^^^{M) M Xrs, given by 

7(m g) air <8)fe Xi^) = (-I)'""™ g)£;e (1 xi^ g) ai^ (g 1), 

we obtain the complex 

[M) ^ X^ (M) ^ X2 (M) (Af) (A/) ^ • ■ • ' 

where 

min(s,2) 

^n(M)= Xf,(M) and d„ = J] ^ 4.- 

r + S — n r + s = n /— 

7-+l>0 

Note that if /(g (g^ g) C K, then (xf (Af),d») is the total complex of the double 
complex (xf^{M)X*X*)- 

Theorem 4.1. The Hochschild homology Hf (i?, Af), of the K-algebra E with co- 
efficients in Af, is the homology of {X^ {M),d,:). 

Proof. It is an immediate consequence of the above discussion. □ 

4.2. The comparison maps. The maps 6^, and i?*, introduced in Section 2, induce 
quasi- isomorphisms 

9.: (xf(M),d,) -{ [Zf^KV ^*) 

and 

which are inverse one of each other up to homotopy. 
Proposition 4.2. We have 

d{m ig) air <S)k xis) = ^ (-1)''* sg(T)m g) (l#a;^(i) g) ■ • • g) l#a;^(s)) * ai^ 

Proof. This follows immediately from Proposition [2TTJ □ 

Theorem 4.3. Let {gi)i^i he the basis of q considered in Theorem Assume 
that Cin = ci g) • • • g) c„ S i? is a simple tensor with Cj Cz AU {Iffgi : i G /} for all 
j G {1, . . . ,n}. If there exist < s < n and ii < ■ ■ ■ < is in I , such that Cj = Iffgij 
for 1 < j < s and Cj G A for s < j < n, then 

i?(mg)Ci„) = (-l)*("-'')TOg)Cs+i,„ g)fe A---A.g^^. 

Otherwise, 'dim g) Ci„) = 0. 

Proof. This follows immediately from Theorem 12.31 □ 
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4.3. The cap product. Recall that the cap product 

(i?, M) X RRj,{E) ^ Hf_^(i?, M) {q<p), 

is defined in terms of and {}lomK-(E* , E) ,b*) , by 



m (g) cip ^ i/; = jmp{ciq) ® c^+i^p, 



where ip G Hom/fc (iJ^ , E). In this subsection we compute the cup product in terms 
of the small complexes (xf^(Af), d*) and {X*j^{E),d ). Given 

TO (g) air ®fe e X^(Af) and (ys' £ X^^/ (E) with r > r' and s > s', 

we define (to g) ai^ 0^ Xi^) • ip' e X^_^, ,._g,{M) by 

(to® air fgfc xis) ^ sg(jiy)TO(/7'(ai,.'®fc Xj^^,) (g) ar'+i,r.g'feX;^_^_^,. 

i<ji<---<i,/<s 

where 

re'+r's' + y] (ju-^i) 

- sg(ji.O - (-1) , 

- 1 < ^1 < • ■ ■ < < s denote the set defined by 

{ji, ■ ■ • , js'} U {/i, . . . = {!,..., s}, 

- Xj^_^, = Xjj^ A • • • A Xj^, and x/^^ = x/^ A • • • A a;; . 
Theorem 4.4. T/ie cap product 

(i?, Af ) X HH«,(i?) ^ H^l,(i?, M), 

is induced by in terms of the complexes {X^ {AI),d^,) and {X ^{E), d ). 

Proof. Let to (g ai^ g)fe xis G X^(M) and (p' S X^j/ {E). Let {gi)iei be the basis of 
considered in Theorem ll.il Clearly we can assume that there exist ii < ■ ■ ■ < is 
in / such that xj = gi- for all 1 < j < s. By Proposition 14.21 

^(0(to g) air ®fc xi,) - = ^ (T - ^((^0) , 

where 

T^Y. (-1)" sg(a)((l#x,(i)) g. • • • g. (l#x,(,))) * air. 

Hence, by Theorem 13.31 if r' > r or s' > s, then 

d{e{m g) air g)fe xis) ^(-^O) = 0, 
and, if r' < r and s' < s, then 

^(^(to (g air (gfc Xis) -^ ^(^')) ^ Y (mip'{SLir' g)feXj^^, ) g) T/^ , 

where 

= E (-ir+'^'^Sg(T)((l#X,^,J®---®(l#Xz^^_,^))*ar. + l,r. 

In order to finish the proof it suffices to apply Theorem 14.31 □ 
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5. The (co)homology of 5'(F)#/J7(0) 

In this section wc obtain a complexes (Z*(M), (5*) and {Z*[M), S*), simpler than 

{X*j^{M), d*) and {X^ {M), d*) respectively, giving the Hochschild homology of the 
ii'-algebra E := A#fU{g) with coefRcients in an iJ-bimodule M 

- K = k and ^ is a symmetric algebra SiV), 

- G fc © y for all V and a; S 0, 

- f{xi,X2) e fc ffi F for all xi,X2 G fl. 

Then, we obtain an expression that gives the cup product of H^(iJ, M) in terms of 
{Z {E),5 ), and we obtain an expression that gives the cap product of Hf (£;,M) 
in terms of (Z,(M),5*) and (Z*{E)X)- 

For r, s > 0, let Zrs = E ® q'^" ® V^*^ ® E. The groups Zrs are iJ-bimodules in 
an obvious way. Let 

5\.^ : Zrs ^ Zr+i-i,e-i (0 < / < s and r + Z > 0), 

be the £^-bimodule morphisms defined by 

r 

(8>xis (g) vir ® 1) = ® xis ® viiv 18) 1 - 1 ® xi^ (g) vit^ (g>Ui), 

i=l 

s 

(5^(1 (g> Xi^ (g) Vi^ (g) 1) = (g Xits (g Vi^ (g> 1 

i=l 

s 

j=i 

s 

+ {-'^y ^Izs -^hh-l A vf A Vh+l,r ® I 

i=l 
l<h<r 

+ ^ (-1)'+'' (g) [xj, a;j]g A xitjs (g) vir 1 

l<i<j<s 

and 

(52(l(g)xi^(gvir(gl) = (-l)'+'''+''(gxi^s(glj Avir(g)l, 

l<i<j<s 

where v^; = Vh A ■ ■ ■ A vi, v^* is the ^-component of w^* (that is v^* e F and 
v^' - e fc) and = fv{xi,Xj) - fv{xj,Xi) in which fv{xj,Xi) is the 
component of /(xj, Xi). 

Theorem 5.1. T/ie complex 

„ ¥ ^1 ^ S2 S3 S4 S5 Se 

hi ■< ^0 ^\ ^1 "* -^4 •<^5 "* ■ ■ ■ ' 

where 

s 

7t(l®l) = l, Zrs and Sr,= Y Y^rs, 

r+S—n r+s = n l—Q 

r+l>0 

is a projective resolution of the E-bimodule E. Moreover, the family of maps 
given by 

r(l (g Xis g) Vir (g 1) = ^ Sg(CT) g) Xis g) Wo-(l) • ■ • ® f(7(r) ® 1, 
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defines an morphism of E-bimodule complexes from to (X*,c?*). 

Proof. It is clear that each Z„ is a projective iJ-bimodule and a direct computation 
shows that F* is a morphism of complexes. Let 

G°CGlcGlcGlc... and F° C F} C C C . . . 

be the filtration of and respectively, defined by 

Gl = Zrs and = Xrs. 

r+B=n r+3=n 

In order to see that is a quasi-isomorphism it is sufficient to show that it induces 
a quasi-isomorphism between the graded complexes associated with the filtrations 
introduced above. In other words that the maps 

F„ : iZ.,s,Sl) {X,s,dl) {s > 0), 

defined by 

F(l (g) Xis (g) Vir ® 1) = ^ Sg(CT) ® Xis g) (g) • • • (g) g) 1, 

<TG©r 

are quasi-isomorphisms, which follows easily from Proposition 12. II □ 

5.1. Hochschild cohomology. Let M be an i?-bimodule. For r,s >0, let 

= Homfe(F''®0^^M). 

We define the morphism 

-r+i-i,s-i^^j^ — ^Y'{M) (with 0<l< min(2,s) and r + Z > 0) 

by: 

r 

i=l 
s 

i=l 
s 



l<h<r 



(-l)'+-'+Xvir g) [a;i,2;j]g Axi^s) 

l<i<j<s 



and 



l<i<j<s 

Applying the functor Hom^ie (— , M) to the complex (Z*, ^*), and using Theorem l5.ll 
and the identifications ^^'^ : Z (M) — > Hom^e (Z^s, M), given by 

^(^)(1 g) Xis g) Vi^ g) 1) = (-l)''V(vir- «) Xis), 

we obtain the complex 

z"(Af) — z\Af) — z'(Af) — z'(Af) — z'(Af) — ' ' • , 
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where 

min(s,2) 

Z"(Af) = Y\M) and T = V 



r+s—n 7-+s=Ti /— 

r+l>0 



Note that if /(g ® g) C fc, then [Z {M),5 ) is the total complex of the double 
complex (Z** {M)Xo Xi) ■ 

Theorem 5.2. The Hochschild cohomology H* (E, M), of E with coefficients in M , 
is the cohomology of {Z {M),S ). 

The map F: (Z^.S^) {X^,d^) induces a quasi-isomorphism 

r : (X;(M),4) (Z*{M)X) ■ 

Proposition 5.3. We have 

r(<<3)(vir ® Xis) = ^ Sg(cr)(^(w^(i) ® • • • (g) (8) Xis). 

Proof. This follows immediately from Theorem 15.11 □ 

5.2. The cup product. In this subsection we compute the cup product of HH*(i5) 
in terms of the complex {Z*{E), S*). Given (f) e Z^^{E) and 0' 6 * (£'), we define 

ez'+''''+''(£;) by 

where 



l<iX<---<ir<r 
1<31 <- -<3s <s 



,. , , .'•'S+Z; EO'u-") 

- Sg(lir,Jls) = (-1) "=1 

- r" = r + and s" = s + s' , 

- 1 < /ii < • • • < /ir' < r" denote the set defined by 

{ii,...,iJU{/ii,...,/i^'} = {l,...,r"}, 

- 1 < /i < • • • < /s' < s" denote the set defined by 

{ji,...,j,}U{Zi,...,/,4 = 

- Vij^ = A ■ • • A and v^^^, ^ f\ ■ ■ ■ ^ Vh^, , 

- Xjj^ = A • • • A and x;^^, = a;;^ A • • • A xi^, . 

Theorem 5.4. The cup product o/HH*(i?) zs induced by the operation -k in the 
complex {Z {E),d ). 

Proof. By Theorem 13.41 it suffices to prove that 

(2) r((^.^')-rM*r(^') 

for all If e Xl'{E) and ip' e T^'' {E). Let cf) = r(</j) and ^ T{ip'). On one hand 
(0 ★(/)') (vi,." (g)xis") = X! sg(iir,jis)'/)(vii^ (g)Xj^j0'(v,i^_,, (gjx;^^,) 

l<il<--<ir<'-" 
l<jl<-<Js<s" 

XI Sg(il^,jls)sg(T)sg(l')v3(v,^(^^) «)Xj,Jv3'(vft^j^_,,j ® X,^^,), 

l<il<-<ir<>-" 
1<31 <- -<3s <s" 
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where 

v^^(,^) = ^'^^(,) (g) ■ • • (8) Wi^i^) and ^Th^^^^,^ Vh^^^,^ . 

On the other hand 

T{ip • ^')(yir" ®yiis") = ^ sg{a){ifip')(y„^i)®---®v„(r")®^i8) 



o-ee,. 



= X! Sg(f^)sg(is)'Pl(Wa(lr) «'XjiJ(/52(wCT(r+l,r") (^XjiJ, 

i<il 

where 



l<jl<-<Js 
ere © // 



'Va{lr)=Va(l)®---®V„!^^) and W^(r+l,r") = 1'(T(r+l) ' ' ' 'X' U<T(r") ■ 

Now, formula ([2]) if follows immediately from these facts. □ 
5.3. Hochschild homology. Let M be an i?-bimodule. For r, s > 0, let 

We define the morphisms 

t,, : Zrs{M) ^ Zr+i-i,s-i{M) (0 < ? < s and r + / > 0) 



by: 



— V — ^ 

S {m® Vir ® Xis) = 2_^(-l)*[m, Vi] (g) Viy^ 8) Xis, 

i=l 

^ (m (g) Vir ® xis) = ^(-l)*+''[l#a;i, m] (g) Vi^ (g Xij^ 

i=l 
s 



i = l 
l</i<r 



^ (-l)'+-'+''m(8)Vir (g) [a;,,a;j]g AxK 

l<i<j"<s 



and 



(5^(m g) Vir g) Xis) = ^ (-l)'"*"^??! g) /jj A Vir g) XiYJs. 

l<j<j<s 

By tensoring on the left the complex (Z, ,(5*) over E'^ with M, and using Theo- 
rem [511] and the identifications ^rs ■ Zrs{M) — M Zrs, given by 

^(m g) Vir g) Xis) = (-l)''''m g)£:e (1 g) Xis g) Vir (g) 1), 

we obtain the complex 

ZoiM) Zi{M) Z2(M) ZsiM) Zi{M) ' • • , 



where 

min(s,2) 

Zn{M)^ Zrs{M) and ^« - I] 

r+s=n r+3 = n Q 

i-+l>0 

Note that if /(g g) g) C fc, then (Z*(M),(5*) is the total complex of the double 
complex {Z^^{M),5^^,S^^). 

Theorem 5.5. The Hochschild homology H*(i?,A/), of E with coefficients in M, 
is the homology of {Z ^(M), S^,) . 
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Proof. It is an immediate consequence of the above discussion. □ 
The map F: (Z, ,(5*) — )■ {X^,d^) induces a quasi-isomorphism 

r,: (Z,{M),S,) (Xt(M),dO • 

Proposition 5.6. We have 

r(m (g) Vir ® Xis) = ^ Sg(cr)m ® Wcr(i) ® • • • ® Wcr(r) ® Xig. 

Proof. This follows immediately from Theorem 15.11 □ 
5.4. The cap product. In this subsection we compute the cap product of 

Rp{E,M) X W{E) ^Rp.,{E,M) {q<p), 
in terms of the complexes (Z*(M),(5*) and {Z {E),S ). Given 

m (E) Vis (8) Xis G Zrs(A/) and (f>' ^ ^ (E) with r > r' and s > s', 
we define (to (g) Vi^ ® xis) -k (j>' E Zr-r'.s-s' (M) by 
(m ®vir®xis) ^ sg(iir', ® Xj-^^^,)® Vft^ ^,_^(g)X/^^,_^. 

l<il<--<i^,<r- 
1<J1 <■■ ■<3j,/ <s 

where 

- Sg{lir',jls') = (-1) " = 1 

- 1 < /ii < • • • < /ir-r ' < r denote the set defined by 

{ii, . . . , V'} U {/ii, . . . , hr-r'} = {!,..., r}, 

- 1 < li < ■ ■ ■ < Is-s' < s denote the set defined by 

{3i,---,js'}^{h,---,ls-s'} = {!,..., s}, 

- Vi^^, = A • • • A Vi^, and v,i^^_^, = Vh^ A • • • A , 

- Xjj^_^, = Xjj^ A • • • A Xj^, and x/^^ = x/^ A • • • A a;;^ • 

Theorem 5.7. T/ie cap product 

Rj,{E, M) X HH«(£;) ^ Hp_,(£;, M) (g < p), 
«s induced hy-k, in terms of the complexes (Z*(M),(5*) and [Z {E),S ). 
Proof. By Theorem 14.41 it suffices to prove that 

(3) r(TO (g) Vir (E) Xis) • = r((TO ® Vir ® Xis) 7^ r((^')) 

for all TO Vir® Xis G Zrs{M) and i^' e * (i?). Let 4>' = r((^'). On one hand 

r(TO(g)Vlr(8)Xls)»V3' = ^ Sg((Tjls')TOV3'(v„(i^,)(8)Xj^^,)(g) Z;„(r, + l_r)(g)X;^^^_^,, 

where sg(crjis') = sg(CT) sg(jis'), 

= ^'ff(l) ® ■ • • ® «<T(r') and WaCr' + l.r) W<T(r' + l) ® ■ • • «) "^CTCr)- 

On the other hand 

(TO(K)Vir (8)Xis)*0' = ^ sg(zir',iis')"^0'(vij^,(g)Xj^^,)(8) v,i^^^,_^(8)X;^_^,_^ 

l<il<-<i^,<T- 
1<31<- ■■<jg/ <a 
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l<il <- -<i^/ <T 
i<jl <■ ■■ <ig/ <s 

where v^^^^ ,^ = ''^V(i) ® • • • ® '^ir(r')- ^O'^; formula Q if follows immediately from 
these facts. □ 
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